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1
$d(n)$ , $\Delta(x)$ :
$\Delta(x)=\sum_{n\leq x}d(n)-x(\log x+2\gamma-1)$
. (1.1)
$\gamma$ Euler . Dirichlet , $\Delta(x)$
. , Dirichlet $\Delta(x)=O(x^{1/2})$
, ,
$\Delta(x)=O(x^{23/73}(\log x)^{461/146})$ (1.2)
. Huxley [2] . , $\Delta(x)$
, :
$\int_{1}^{x}\Delta(u)du=\frac{1}{4}x+\frac{1}{2\sqrt{2}\pi^{2}}x^{3/4}\sum_{n=1}^{\infty}d(n)n^{-5/4}\cos(4\pi\sqrt{nx}-\frac{\pi}{4})+O(x^{1/4})$, (1.3)
$\int_{1}^{\prime x}\Delta(u)^{2}du=(\frac{1}{6\pi^{2}}\sum_{n=1}^{\infty}d(n)^{2}n^{-\mathrm{s}/2})x^{3/2}+O(x\log^{4}x)$ . (1.4)





. $x$ $x>0$ , $k$




. , $\Delta(n)$ average order (1.3)
(1.1) ( . $\sum_{n\leq x}\Delta(n)$ $\int_{1}^{x}\Delta(u)du$
( . $k=2$ { $\vee\supset|_{\sqrt}$ ) Hardy [1] , $\sum_{n\leq x}\Delta(n)^{2}$
$\int_{1}^{x}\Delta(u)^{2}du$ :
$\sum_{n\leq x}\Delta(n)^{2}=\int_{1}^{x}\triangle(u)^{2}du+O(x^{1+\epsilon})$ . (1.5)
(1.4) , $\sum_{n<x}\Delta(n)^{2}$ $\int_{1}^{x}$ \Delta (x)2d rder $(=x^{3/2})$ $\mathrm{A}$




Theorem 1. $\Delta(x)$ (1.1) . $x\geq 2$
$\sum_{n\leq x}\Delta(n)^{2}=\int_{1}^{x}\Delta(u)^{2}du+\frac{1}{6}x\log 2x+c_{1}x\log x+c_{2}x+\{\begin{array}{l}O\Omega_{\pm}\end{array}\}(x^{3/4}\log x)$
. $c_{j}$ $c_{1}=(8\gamma-1)/12,$ $c_{2}=(8\gamma^{2}-2\gamma+1)/12$ .
, $\triangle(x)^{k}(k\geq 3)$ . ,
$\sum_{n\leq x}\Delta(n)^{k}=\int_{1}^{x}\triangle(u)^{k}du+O(x^{(k+3)/4+\text{\’{e}}})$ $(3\leq k\leq 9)$
, $k=3$
. :
Theorem 2. $x\geq 2$ 1
$\sum_{n\leq x}\Delta(n)^{3}=\int_{1}^{x}\Delta(u)^{3}du+c_{3}x^{3/2}\log x+O(x^{3/2})$
. $c_{3}$ .
, (1.1) , $\tilde{\Delta}(x)$ $\triangle(x)$
:
$\ovalbox{\tt\small REJECT}(x)=\sum_{n\leq x}d(n)-x’(\log x+2\gamma-1)-\frac{1}{4}$ . (1.6)
$\sum_{n\leq x}’$ $x$ $d(x)$ $d(x)/2$ .
$\overline{\Delta}(x)$ (1.2) $d(n)\ll n^{\epsilon}$ .
$\int_{1}^{x}\triangle(u)du=\sim\frac{1}{2\sqrt{2}\pi^{2}}x^{3/4}\sum_{n=1}^{\infty}d(n)n^{-5/4}\cos(4\pi\sqrt{nx}-\frac{\pi}{4})+O(x^{1/4})$
76
. $\int_{\underline{1}}^{x}\triangle(u)^{2}du-$ (1.4) .
, $\Delta(n)^{k}$ average order $k=1,2$ ,
theorem .
Theorem 1’. $x\geq 2$
$\sum_{n\leq x}\overline{\Delta}(n)=\{\begin{array}{l}O\Omega_{\pm}\end{array}\}(x^{3/4})$ ,
$\sum_{n\leq x}\sim\triangle(n)^{2}=\int_{1}^{x}\triangle(u)^{2}du-\frac{1}{4\pi^{2}}x\log 3x+c_{4}x\log 2x+c_{5}x\log x+c_{6^{X}}$
$+\{\begin{array}{l}O\Omega_{\pm}\end{array}\}(x^{3/4}\log x)$
.
, theorem , $\sum_{n\leq x}\Delta(n)$ $\sum_{n\leq x}\tilde{\Delta}(n)$ $\int_{1}^{x}\Delta(u)du$
$\int_{1}^{x}\overline{\Delta}(u)du$ ( . , $\sum_{n<x}\overline{\Delta}(n)^{2}$ $\sum_{n<x}\triangle(n)^{2}$
average order i $\int_{1}^{x}\triangle(u)^{2}du$
.
2
, $\Xi$ , $k$ ( ) ,
$O()$ , $\Omega_{\pm}$ $\epsilon,$ $k$ . $x$ , $\psi(x)$
$\psi(x)=x-[x]-1/2$ ( $[x]$ $x$ ).
, , average order &
. $f(n)$ ( ) , $E(x)$
$E(x)= \sum_{n\leq x}f(n)-g(x)$
, (2.1)
. , $g(x)$ 1. $E(x)$ average order &
[7, Lemma], [3, Lemma 1] , $g(x)$
. ) $k$ $E(n)^{k}$ average order
:









, $O(1)$ . ,
Theorem 2 .
, lemma :
Lemma 2. $R(x)\text{ }$
$\Delta(x)=-2\sum_{n\leq x^{1/2}}\psi(\frac{x}{n})+R(x)$
.
$R(x)=-4 \psi_{1}(x^{1/2})+\frac{1}{4}+O(x^{-1/2})$ , (2.2)
$R’(x)=-2x^{-1/2} \psi(x^{1/2})+\frac{1}{4}x^{-1}+O(x^{-3/2})$ (2.3)
. $\psi_{1}(x)$ $\psi_{1}(u)=\int_{1}^{u}\psi(t)dt$ .









2 , Theorem 1 Lemma 3
$\int_{1}^{y}\psi(u)\psi(\frac{u}{n})du=\frac{1}{12n}y+O(1)$ (2.5)
. , Theorem 2 , lemma
, Lemma 3 .
78
Lemma 4. $y\geq 1$ $y,$ $n_{1}\leq n_{2}$ $n_{1},$ $n_{2}$
$\ovalbox{\tt\small REJECT}^{y}\psi(u)\psi(\frac{u}{n_{1}}\models(\frac{u}{n_{2}})du=\frac{n_{2}}{24n_{1}}\psi(\frac{y}{n_{2}})^{2}-\frac{n_{2}}{96n_{1}}+O(1)$ .





3Theorem 1 Theorem 2
, Theorem 1 2 . Theorem 1





. $T_{1},$ $T_{2}$ . $T_{2}$ , (1.3)
$T_{2}= \frac{1}{4}x(\log x+2\gamma-1)+\frac{1}{2\sqrt{2}\pi^{2}}x^{3/4}\log x\sum_{n=1}^{\infty}d(n)n^{-5/4}\cos(4\pi\sqrt{nx}-\frac{\pi}{4})$
$+O(x^{3/4})$
. $T_{1}$ , Lemma 2
$T_{1}=4 \sum_{n\leq x^{1/2}}\int_{n^{2}}^{x}\psi(u)\psi(\frac{u}{n})(\log u+2\gamma)du+O(x^{1/2}\log x)$
. , Lemma 3( , 2 (2.5) )
$\int_{n^{2}}^{x}\psi(u)\psi(\frac{u}{n})(\log u+2\gamma)du=\frac{1}{12n}x\log x+\frac{1}{12n}(2\gamma-1)x-\frac{1}{6}n\log n$
$- \frac{1}{12}(2\gamma-1)n+O(\log x)$
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, $T_{1}$ , Euler-Maclaurin
$T_{1}= \frac{1}{6}x\log^{2}x+\frac{1}{3}(2\gamma-1)x\log x+\frac{1}{3}(2\gamma^{2}-2\gamma+1)x+O(x^{1/2}\log x)$
.
$\sum_{n\leq x}\Delta(n)^{2}=\int_{1}^{x}\Delta(u)^{2}du+\frac{1}{6}x\log^{2}x+c_{1}x\log x+c_{0}x$
$+ \frac{1}{2\sqrt{2}\pi^{2}}x^{3/4}\log x\sum_{n=1}^{\infty}d(n)n^{-5/4}\cos(4\pi\sqrt{nx}-\frac{\pi}{4})+O(x^{3/4})$ ,
. $c_{1},$ $c_{2}$ Theorem 1 .
Theorem 1 $O$- . , $\Omega$- [4, (1.7) ]
. , Theorem 1 .
, Theorem 2 . Lemma 1 , $k=3,$ $E(u)=\Delta(u)$
. , (1.4)
$\sum_{n\leq x}\Delta(n)^{3}=\int_{1}^{x}\triangle(u)^{3}du+U+\frac{3}{2}Cx^{3/2}\log x+O(x^{3/2})$
. $C$ (1.4) ,
$U=-3 \int_{1}^{x}\psi(u)(\log u+2\gamma)\Delta(u)^{2}du$
. , $\langle$ . Lemma 2
$U=-12 \int_{1}^{x}\psi(u.)(\log u+2\gamma)\sum\sum\psi(\frac{u}{m_{1}})\psi(\frac{u}{m_{2}})du$
$m_{1},m_{2}\leq u^{1/2}$
+12 $\sum_{m\leq x^{1/2}}\int_{m^{2}}^{x}R(u)(\log u+2\gamma)\psi(u)\psi(\frac{u}{m})du+O(x^{1/2}\log x)$
$=U_{21}+U_{22}+O(x^{1/2}\log x)$ .
$U_{22}$ , (2.2), (2.3), (2.5) $R(x)=O(1)$ $U_{22}=O(x\log^{2}x)$
. $U_{21}$
$U_{21}=- \log x\sum_{m\leq x^{1/2}}\psi(\frac{x}{m})^{2}m\log m+O(x\log 2x)$
Lemma 3, Lemma 4, $\psi(u)^{2}=2\psi_{1}(u)+1/4$ { .
$\int_{1}^{x^{1/2}}u^{-2}\psi(\frac{x}{u})\sum_{m\leq v}m\log mdu=O(\log^{2}x)$
80






. $k=1$ Theorem 1’ .
$k=2$ , (4.1)
$\sum_{n\leq x}\tilde{\Delta}(n)^{2}=\sum_{n\leq x}\Delta(n)^{2}+\frac{1}{4}\sum_{n\leq x}d(n)^{2}-\sum_{n\leq x}d(n)\Delta(n)-\frac{1}{2}\sum_{n\leq x}\Delta(n)$
$- \frac{1}{4}x\log$ $x+ \frac{1}{16}(5-8\gamma)x+O(x^{1/3})$
. 1,4 Lemma 1 ,
2 . 3
$\sum_{n\leq x}d(n)\Delta(n)=\frac{1}{2}\sum_{n\leq x}d(n)^{2}+\int_{1}^{x}(\log u+2\gamma)\triangle(u)du+O(x^{3/2})$
, . ( 3
) $k=2$ Theorem 1’
. 3
5
Dirichlet $\xi\eta\leq x$ .
, , 2
.
3 $k$ $\sum_{n<x}\tilde{\Delta}(n)^{k}$ . $k=3$ $\sum_{n<x}d(n)^{2}\Delta(n)$
. 2 (Lemma 1)
, $\sum_{n\leq x}\overline{\Delta}(n)^{3}$ . $k$
$\sum_{n\leq x}d(n)^{b}\Delta(n)^{a}$
$(1 \leq a\leq k-1,1\leq b\leq k-a)$ .
81
5.1 $\xi^{2}-\eta^{2}\leq x$
$\rho(n)$ $n$ $n_{1}^{2}-n_{2}^{2}=n$ ( , $(n_{1},$ $n_{2})\in \mathbb{N}\cross \mathbb{Z}$)
. , $\mathrm{S}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{p}\mathrm{i}\acute{\mathrm{n}}\mathrm{s}\mathrm{k}\mathrm{i}[8]$
$\rho(n)=d(n)-2d(\frac{n}{2})+2d(\frac{n}{4})$
. , $d(x)$ $x$ , 0
. , $\theta(x)$ $\sum_{n\leq x}p(n)$ , $\mathrm{S}\mathrm{i}\mathrm{e}\mathrm{r}\mathrm{p}\mathrm{i}\acute{\mathrm{n}}\mathrm{s}\mathrm{k}\mathrm{i}$
$\theta(x)=\Delta(x)-2\triangle(\frac{x}{2})+2\Delta(\frac{x}{4})$ (5.1)
. (5.1) , $\theta(x)$ $\Delta(x)$
. , (1.2)
$\theta(x)=O(x^{23/73}(\log x)^{461/135})$
. $\theta(x)$ , \Omega -
K\"uhleitner [5] [6] $\triangle(x)$ .
$\theta(x)$ , (1.3) (5.1)
$\int_{1}^{x}\theta(u)du=\frac{1}{4}x+\frac{1}{\pi^{2}}x^{3/4}\sum_{n=1}^{\infty}d(n)n^{-5/4}\{\frac{1}{2\sqrt{2}}\cos(4\pi\sqrt{nx}-\frac{\pi}{4})$
$- \frac{1}{2^{1/4}}\cos(2\pi\sqrt{2nx}-\frac{\pi}{4})+\cos(2\pi\sqrt{nx}-\frac{\pi}{4})\}+O(x^{1/4})$ (5.2)
. , Theorem 1 theorem
.
Theorem 3. $x\geq 2$
$\sum_{n\leq x}\theta(n)^{2}=\int_{1}^{x}\theta(u)^{2}du+\frac{1}{12}x\log^{2}x+c_{7}x\log x+c_{8}x+O(x^{3/4}\log x)$
9 C7 $=(20\gamma-7)/12,$ $c_{8}=(4\gamma^{2}+2\gamma+3)/12$ .













, Theorem 3 . 4




. , $\sum_{mn\leq x}\Delta(mn)^{k}$
, $\sum_{n\leq x}d(n)\triangle(n)^{k}$ .
$\sum_{n\leq x}f(n)E(n)^{k}$
. , :






. , $\Omega_{\pm}$ - $x$
, Theorem 1 \Omega \pm - .
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. , $\ovalbox{\tt\small REJECT}(x)$ $\ovalbox{\tt\small REJECT}(x)\ovalbox{\tt\small REJECT} 0$ , $k\ovalbox{\tt\small REJECT} 2$ $c’(2)\ovalbox{\tt\small REJECT} k/2$ ,
$c_{k}(k)\ovalbox{\tt\small REJECT}(-\mathrm{D}^{k}(k\ovalbox{\tt\small REJECT} 2)$ ,
$c_{k}(a)= \frac{k}{k+1}\{c_{k-1}(a)-c_{k-1}(a-1)\}$
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